We perform a series of experiments to measure Lagrangian trajectories of settling and rising particles as they traverse a density interface of thickness h using an index-matched water-salt-ethanol solution. The experiments confirm the substantial deceleration that particles experience as a result of the additional force exerted on the particle due to the sudden change in density. This stratification force is calculated from the measurement data for all particle trajectories. A simple model is developed which relies on parameterisations of the effective wake volume and recovery time scale. The model accurately predicts the particle trajectories obtained in our experiments and those of Srdić-Mitrović et al. (1999) . Furthermore, the model demonstrates that the problem depends on four key parameters, namely the entrance Reynolds number Re 1 , entrance Froude number F r, particle to fluid density ratio ρ p /ρ f , and relative interface thickness h/a. An analysis of the model provides insight into which part of the parameter space is physically realistic, and which parts of the parameter space may feature particle levitation phenomena.
Introduction
Accurate prediction of settling rates of particles in stratified environments is important for the dispersion of pollutants in the atmosphere (Turco et al. 1983; Kok 2011) , accumulation of marine snow (MacIntyre et al. 1995; Prairie et al. 2013) , and oxygen regulation for ocean organisms by bubbles rising across the ocean thermocline (Smith et al. 1992; Burd & Jackson 2009 ). Particles were observed to reside much longer in stratified layers than in a uniform density fluid (MacIntyre et al. 1995; Camassa et al. 2013) . This is caused by the sudden change in fluid density as perceived by the moving particle, and in some cases also surface tension effects, which create an additional drag force, in addition to the gravitational, drag, added mass and Basset forces, present in homogeneous density layers (Geller et al. 1986; Eames & Hunt 1997; Srdić-Mitrović et al. 1999) .
One of the central features of particles crossing density interfaces, layers between two fluids of different density, is that they distort the isopycnals by dragging along fluid from the top layer into the new environment (as seen for instance in figure 1, in which a lighter fluid in a particle wake is visible on the darker background of a density interface between two layers of homogeneous density). The density difference between the fluid in the particle wake (referred to as the caudal wake) and the ambient fluid results in an additional force on the particle as it crosses the interface (Srdić-Mitrović et al. 1999) . The caudal wake and its break-up has been extensively investigated for both immiscible and miscible fluids (Srdić-Mitrović et al. 1999; Pierson & Magnaudet 2018a,b, and references therein) . Immiscible interfaces are sharp by definition and are subject to surface tension.
Here, "sharpness" of the interface is characterised by the ratio of the interface thickness to the particle diameter, h/a 1. The focus of this work is on particle settling in an environmental context of finite thickness density interfaces, which implies that the fluids are miscible and the interface is of a finite thickness, h/a = O(1). Figure 1 . A shadowgraphy of a glass particle (type P3, table 2) crossing the interface for a non-index matched stratification. The digital snapshots of the particle are collected at the time reported on the images. Contrast and brightness enhancements have been applied to the raw images to highlight the caudal wake and the extension of the stratified layer (visible as the shaded region).
The first study to characterise in detail the drag induced by a finite thickness density jump is by Srdić-Mitrović et al. (1999, hereafter abbreviated as SMF) . The authors used a water-alcohol-brine system and determined the settling velocity of spherical particles in the range 1.5 < Re < 15, 3 < F r < 10. where Re is the entrance Reynolds number and F r is the entrance Froude number (both defined rigourously in the next section). The study convincingly showed that particles pull a caudal column of the fluid from a top (lighter) layer into the interface layer, and distort isopycnals that return to the original positions after particles pass (see also Torres et al. 2000; Okino et al. 2017) . The drag on the particle was observed to increase tenfold, causing a significant slowdown of particles entering the stratified layer. Visualisations indicated that the wake then ruptured, causing the particle to accelerate again and attain its terminal velocity appropriate for the new environment.
SMF estimated the stratification force F S using an integral of the photographed caudal wake volume. The volume was assumed to be axisymmetric and its radius was estimated from the photographs, from the moment of entrance till the presumed rupture point.
The additional buoyancy of the caudal wake volume was modelled as a drag force, and presented as a drag coefficient extension for the stratified layer case, C DS . The authors focused primarily on the drag enhancement and did not investigate in detail the particle motion after the crossing, in which the particle adjusts to a new steady state velocity. This will be denoted the "recovery phase". The study of this phase along with the prediction of the total settling time will form a central part of the current work. Abaid & Adalsteinsson (2004) performed experiments similar to those of SMF for h/a = O(1) and particles with 20 < Re < 400 and 5 < F r < 20. In some cases they observed a temporary reversal of the particle velocity as it entered the density interface, and coined it "particle levitation". The authors developed a model of the caudal wake, which indicated that the levitation phenomenon depended critically on the mixing of fluid into the wake. Camassa et al. (2009 Camassa et al. ( , 2010 number Ri v = a 3 N 2 /(νV ). With increasing particle Reynolds number, the wake reduces to a single filament that alters the pressure on the rear region of the sphere. This results once again in drag increase, with consequent decrease of settling rate in the stratified layer (see also Torres et al. 2000; Ardekani & Stocker 2010) .
In this paper we study the stratification-induced force on finite Reynolds number particles as they enter, traverse and leave a density interface of finite thickness (h/a ∼ 10).
We use Particle Tracking Velocimetry (PTV) with the refractive index-matching to obtain accurate information on particle position, velocity and acceleration, particularly in the density interface where decelerations are largest. Four different particle types are used, in order to explore in detail the effect of particle density, and size, on the stratificationinduced forces. The experiments demonstrate that both the particle to fluid ratio, ρ p /ρ 1 , and the interface sharpness ratio, h/a, are important factors for the stratification force.
Specifically, we estimate the stratification force from the experimental data, and develop a simple model. We demonstrate that the previously observed minimal velocity and the time to reach minimal velocity coincide with the particle exiting the density interface.
Furthermore, we investigate the time it takes the particles to attain their new terminal velocity (the recovery time) and we compare it with the particle time scale. We conclude the analysis by exploring how the stratification force and the associated crossing and recovery time scales depend on the four dimensionless quantities that govern this problem, namely Re, F r, ρ p /ρ f , and h/a.
Experimental details
We study the motion of a spherical particle of diameter a and density ρ p that crosses a stratified density interface layer of finite thickness (h), between two homogeneous layers of fluids of densities ρ 2 > ρ 1 . In the general case the dynamic viscosity, ν 1 and ν 2 of the two fluid layers are also different.
The experiments were carried out in a glass tank with a 200 × 200 mm 2 cross-section and a depth of 300 mm, as that used in the study of Verso et al. (2017) . 
(2.1)
The working fluid was prepared to ensure the match of the refractive indexes through the stratified layer and thus to minimise the distortion of the scattered light to the camera (e.g. Alahyari & Longmire 1994, among others) . Refractive index matching minimises the optical errors due to high density gradients and allows to track particles moving through both layers and the interface. In order to obtain the two-layer stratified medium as sketched in figure 2 , the light fluid was first introduced into the tank, after which the heavy fluid was pumped slowly from the bottom opening. The filling procedure was controlled by a peristaltic pump and the flow rate that was manually adjusted within 10-40 mL/min to minimise mixing of the two layers.
In order to identify the interface, 2 mL of fluorescent dye (Rhodamine 6G mixed in water) was added to the the top layer solution. The small amount of additional fluid does 
1 976 1025 1.43 × 10 −6 1.012 × 10 −6 0.015 6.08 2 975 1020 1.43 × 10 −6 1.012 × 10 −6 0.01 6.4 not affect the properties of the top layer. We used back lighting projection of the interface to create a shadow image on the camera sensor, visible due to the vertical gradient of intensity that marked the upper and lower edges of the interface. We measured the thickness in the range of 10 − 15 mm. The thickness of the interface h was measured with accuracy of ±1.5 mm. The densities of the two layers were measured using a plainform hydrometer accurate as δρ = ±1 kg/m 3 . In experimental series 1 the viscosities of the both layers were measured using a Cannon-Fenske Routine viscometer with an uncertainty of ±17%. In experiment series 2, the viscosity values were not measured, but due to the careful preparation procedure of the fluids in a controlled environment, the values can safely be assumed identical to series 1 within this uncertainty range. All the fluid properties for the two series, along with the measurements of the thickness h and a respective value of N , are reported in table 1.
We used four distinctly different types of spherical particles, named P1-P4, as reported in are manufactured in polystyrene and P3 in soda-lime glass, spanning a range of diameters and density ratios, ρ p /ρ 1 . Hereafter all the properties related to the top layer will be marked with a subscript i = 1 and all the properties estimated in the bottom layer will be marked with a subscript i = 2.
During experiment 1 (see table 1), particles P1-P3 were released one by one at the centre of the tank and below of the free surface level, to free fall through the stratified interface. During the experiment 2, fluids were changed as shown in table 1 and individual particles of type P4 were released from the bottom opening of the aquarium into the heavy layer to raise through the stratified interface towards the free surface. In both series the individual particles were released at sufficiently large time intervals to ensure that the fluid was quiescent again.
Microscopic images of the particles indicated that the particles were not perfectly spherical. Therefore, for every single particle used in the experiment we estimate its effective diameter and density using the measurements of its settling velocity through the top and bottom homogeneous density layers (i.e. V 1 and V 2 , respectively) and applying a standard force balance which is described in the next section. The velocity was measured using particle tracking velocimetry system, based on a digital camera (Optronis CL4000CXP, 2304 x 1720 pixels), recording particle positions at suitable frame rates of 60 − 250 frames per second and processed using the open source software, OpenPTV (http://doi.org/10.5281/zenodo.893435).
Results

Interface crossing
This section reports the PTV results for particle types P1-P4, moving between two layers of different density through an interface layer of finite thickness h/a. We present substantially lower than the settling velocity of the particle in either of the layers. After exiting the interface, particles "recover" to the typical settling velocity of the second layer, albeit at an unexpectedly slow rate. Indeed, the recovery takes of the order of tens to hundreds of particle diameters.
The behaviour of P2 type particles is presented in figure 3(c-d). These are relatively small but heavy particles, that have a similar settling velocity in both layers, i.e. V 1 ≈ V 2 , despite the difference of densities ρ 2 > ρ 1 . This is because ν 2 < ν 1 due to the refractive index matching of the two fluid layers, which negates the effect of the density difference on the settling speed for this particular particle.
For the same reason (ν 2 < ν 1 ), the very heavy glass beads of type P3 (see figure 3(h-g)) accelerate. These particles do not slow down and display a minimum while crossing the interface. Although they present a monotonic velocity transition from V 1 to V 2 , they are being slowed down by the density interface. Furthermore, their recovery time is longer than the time predicted by the integration of the standard force balance (see §4). The rising particles of type P4 behave very similar to particles of type P1. Their velocity in figure 3(g) is shown on a negative scale for consistency with our definitions in figure 2.
Determination of ρ p and a
The equation of motion for a spherical particle in a homogeneous fluid is (e.g. Maxey & Riley 1983):
The particle accelerates due to the balance between the immersed weight (F W B ), the drag (F D ), added mass (F A ) and Basset (or history, F H ) forces (Maxey & Riley 1983; Clift et al. 2005; Srdić-Mitrović et al. 1999) . Here, the immersed weight F W B and drag force F D are defined as
where A p = πa 2 /4 is the projected surface area, -V p = πa 3 /6 is the particle volume, and C D is the drag coefficient. The latter can be expressed as function of the particle Reynolds number (White 1974) :
The added mass term F A and the history force F H in the range of 0 < Re < 62 are usually modelled as (e.g. Odar & Hamilton 1964; Srdić-Mitrović et al. 1999 , and references therein)
where C A and C H are two empirical coefficients (Odar & Hamilton 1964) . These coefficients depend on the ratio between the acceleration and velocity square of the sphere -Mitrović et al. 1999; Clift et al. 2005) :
In order to determine the effective diameter and density for each particle, use was made of the constant settling velocity, for which dV /dt = F A = F H = 0, which implies that Eq. (3.1) simplifies to:
As the settling velocities V 1 and V 2 for each particle in the homogeneous layers and the reliability of the method used to reconstruct diameter and density of each particle, and demonstrates the relatively large range of particle Reynolds numbers covered in this study.
Particle motion in the density interface
The equation of motion Eq. (3.1) describes the behaviour of a spherical particle in a homogeneous fluid adequately. However it cannot predict the motion through the interface where the velocity observed to be lower than the expected settling velocity, as shown in figure 3 (see also Srdić-Mitrović et al. 1999) . SMF also noted that very slow particles, expressed by low Re, and also very fast particles at large Re, crossed the interface layer at expected settling velocity estimated for the varying density. The authors suggested an additional force in a form of drag and attributed it to the caudal wake appearance. The wake was filmed and quantified till its rupture at some depth. It was hypothesised that the additional drag exists until some dimensionless depth, z/a, inside the interface layer, where the minimal velocity was observed. A dimensional analysis of the minimal velocity suggested that V min is a function of Re 1 , F r 1 in the form of:
where the best collapse of experimental data was found when m = 7/5, n = 1/2 and α = 5.5 × 10 −2 (SMF).
For the sake of comparison, we plot in figure 5 the results from our measurements for the particles (P1,2,4) overlapped with the data presented in fig.13 in SMF. Note that both in our and SMF results very fast particles do not exhibit a minimal velocity, and are therefore excluded from this figure (in the next section we demonstrate that this type of particles do however experience a stratification force). Figure 5 (a) reports the normalised minimum velocity. The different trends for various particles, emphasised using dashed lines demonstrate that our data does not comply with Eq. (3.10), even though some particles in experiments from the parameter range (2 < Re < 15 and 3 < F r < 10) resemble the particles measured by SMF and should in principle follow the same trend.
The reason for these deviations may be explained by dimensional analysis. Indeed, starting from the basic definition of the problem as sketched in figure 2, one would expect that 11) where N and V 1 were introduced in lieu of ρ 2 and g, respectively. Using V 1 , a and ρ 1 as characteristic parameters and using the Buckingham-Pi theorem yields 12) implying that this quantity depends on five dimensionless quantities. Thus, even though F r 1 and Re 1 might be similar, the other quantities are not and will thus display different behaviour. Here it is noteworthy that the range of Re 1 and F r 1 in SMF was obtained by varying the particle diameter of one type with a small variation of density ρ p and in the same fluids. Therefore neither the effect of the ratio ρ p /ρ 1 nor the effect of the viscosity,
A similar trend is observed for the time it takes particles to attain the minimal velocity (τ min = t min − t in ). SMF found that their data could be characterised by:
where the best collapse of the data was found when l = −1.7 and β = 1.4 × 10 2 . different trends we observe for the different particles as evidence that τ min does not only depend on Re 1 and F r 1 , but also on the other dimensionless quantities.
After numerous attempts to find a scaling that can collapse all the particle measurements of the minimal velocity value and its time instant, we noticed that the time it takes the particle to cross the interface, τ cross = t(z p = h) − t in , is strongly correlated with τ min . This is shown in figure 6 . Thus, our data suggest clearly that there is no "minimal" velocity inside the interface layer, which challenges that τ min is attributed to the pinch-off process of the caudal wake which was hypothesised by SMB to cause an instant removal of the stratification force. This observation leads to a different conceptual model of the stratification force as compared to previous studies (e.g. Srdić-Mitrović et al. 1999; Torres et al. 2000; Yick et al. 2009 , among others), which will be described in the following section. In §4.3 it will be shown that the SMB data is consistent with our new model. tified that there is a need for an additional force, F S , that accounts for the stratification force due to the distortion of isopycnals:
The various terms of Eq. (3.14), quantified for a single sample particle (from type P1), using measured particle position, z p and local density of the fluid ρ f (z p ), along with its velocity V p and acceleration a p , are shown in figure 7. We observe that the Basset and the added mass forces together (F A + F H ) are an order of magnitude smaller than the other force terms. The immersed weight force and the particle acceleration dV /dt term change gradually as a function of the distance from the interface, accordingly with the gradual change of density. As the particle decelerates inside the interface layer, the drag force F D , estimated using the drag coefficient C D from Eq. (3.4), decreases. The drag force reaches a minimal value at the exiting edge of the interface and then increases gradually as the particle accelerates to its new steady state value V 2 . The sum of the forces on the right hand side does not balance the measured particle acceleration and therefore there is an additional force term, F S that for this particular particle reaches approximately half of the drag force value. We note that the stratification force increases approximately linearly as the particle moves into the interface stratified layer, reaches a maximum value in proximity of h, and after the crossing, the force magnitude decreases (apparently exponentially) with a certain recovery time scale. During this time the particle velocity grows gradually from its minimal value to the settling speed of the bottom layer (or upper layer for particles of type P4) as was observed in figure 3 .
We report the evolution of magnitude of F S , normalised with the immersed weight, in 
A simple model of F S and its properties
Model development
As we reviewed above, there were several approaches to estimate the additional drag due to stratification, and in very different settings, from infinitely thin interface (h/a 1) with or without surface tension, to infinite thickness in a linearly stratified case (h/a → ∞). The existing models could not predict the time it takes for various particle types to pass a certain distance in two fluids of given properties, connected by a density interface.
In this section, we present a simple model to predict the additional force and particle motion as it moves through the interface layer. The model is able to accurately predict the motion of particles of all types in our experiments, and, in addition, particles from the SMF data, as shown in §4.3.
The core of the model is based on a parameterisation of the stratification force F S (t) of the form:
Here, -V c is an effective fluid volume attached to the particle. We emphasise that -V c should not necessarily be interpreted as the caudal wake observed by SMF that changes volume as particle penetrates deeper into an interface layer and ruptures at some finite depth.
The main purpose of -V c is to provide a prediction for F S . It can be interpreted in several ways, including as a time-dependent wake density (see §5.2).
The effective volume -
where -V c0 is the base or initial volume, t h is the time when the particle leaves the interface layer and moves into the second homogeneous density layer, and τ rec is the timescale over which the particle reaches its new terminal velocity. This parameterisation is best explained using the sketch in figure 9 , which shows the vertical profiles of density ρ f (top layer is on the left, bottom layer is on the right and the interface is approximated as a linear stratification, for simplicity), particle velocity, V p (z p (t)) and the volume -V c . We propose a simple mechanism that can be explained a sequence of events according to the four regions, marked on the figure:
(1) Particle settles (or rises) in a homogeneous layer at constant terminal settling velocity V 1 defined by the standard equation of motion and the balance of the immersed weight with the viscous drag force.
(2) Particle enters the interface layer -we assume that a small volume -V c0 of a light fluid (ρ 1 ), (or a heavy fluid for the rising particle) remains attached to the particle as it moves into the interface layer. For density interfaces of thickness h/a ∼ O(10)
as in our experiment, this volume is assumed to remain constant during the time taken to cross the interface. As the initial volume does not dilute, this results in an stratification force F S which increases in strength, thus leading to a deceleration of the particle proportional to the slope of the density profile.
(3) Once the particle enters the new layer, F S reduces approximately exponentially over a timescale τ rec , which we model via -V c .
(4) Particle reaches its terminal velocity when F S − → 0.
In order to develop a predictive model, it is necessary to parameterise -V c0 and τ rec in Eq. (4.2) using the experimental data. Note that these data also include the results of the very fast particles P3 that do not exhibit a minimal velocity but do experience a discernible stratification force F S .
The recovery time τ rec and the caudal volume were determined by minimisation of the difference between the simulated (Eq. 4.1) and experimental stratification force (fig. 8) .
The values of -V c0 are reported in fig.10(a) versus the "entrance" Froude number F r 1 , or the ratio of two times scales -the buoyancy time scale t N = 1/N and the characteristic time of a particle t p1 = a/V 1 . The simplest best fit data in the range 2 < F r 1 < 28 results in:
This parameterisation works well for our experimental data, although care should naturally be taken if used in a different part of the parameter space. Figure 9 . Sketch of the proposed model for the solution of the two layers problem. The density of the surrounding fluid at the zp, the particle vertical velocity, the proposed concept of the caudal volume. In the following we will address the time measured from the entrance moment, i.e. τmin = tmin − t(z = 0)
. according to this parameterisation, will have longer time to experience the surrounding density changes. Particles with t p1 t N (F r 1 < 1), will cross the interface in a quasisteady motion. These particles effectively move too slow to drag the additional fluid, as the surrounding fluid can return to the original position without distorting the isopycnals during the particle motion. The recovery time scale τ rec , normalised by the viscous time scale t ν2 = a 2 /ν 2 , is shown in figure 10(b) . The parameter is plotted versus the Reynolds number in the bottom layer (using terminal velocity V 2 ) Re 2 and its best fit suggests This relation implies that the timescale over which the particle recovers is associated with the viscous time scale in the second layer as τ rec ∼ a 2 /ν 2 Re 2 = a/V 2 .
Model performance
The particle model is represented by two simultaneous equations
where the Basset force F B and added mass force F A have been neglected in Eq. (4.6).
Both the base caudal volume -V c0 and recovery time τ rec are provided by the empirical relations (4.3) and (4.4), respectively.
The example is shown in figure 11(a-d) for the particles from the distinct groups, including large and slow particles P1, small and dense particles P2, very fast and heavy glass beads P3 and buoyant (rising) light particles P4. Clearly, the proposed model shown as solid curves, predicts accurately the motion of all these types of particles (symbols) in terms of their velocity V p . The velocity is normalised for the sake of comparison by their initial velocity V 1 for P1,2,3 and V 2 for the rising particle. Note that the solid curves are discontinuous in the gradient at z/h = 1 because of the simple piece-wise model (4.2).
Comparison with data set from SMF
We apply the same model to a representative set of trajectories digitised from SMF in figure 12. First we had to use the trajectories to reconstruct the size and density of each particle (a, ρ p ), using the constant terminal velocity in the homogeneous layers, estimated from the figure of SMF. We reconstructed the values of ρ p and a of the digitised data from the figures of SMF with a accuracy of δρ p = ±1 g/cc and a = ±10µm. Using the reported fluid properties (ρ 1 , ρ 2 , ν 1 , ν 2 , h), estimated settling velocities (V 1 , V 2 ), the reconstructed particles properties (a, ρ p ), and the values of the parameters (-V c ,τ rec ) according to our model, we can simulate the trajectories of settling particles. In figure 12 we present the measured vertical velocity as symbols and the modelled trajectories as solid lines as a function of the time (figure 12(a) ) and as a function of the distance from the interface ( figure 12(b) ). Despite the small mismatches around the entrance to the presumable interface position, the model (using only particle and fluid parameters) can predict reliably the motion of the particles in a different parameter range, with most important features such as a position and value of a minimal velocity and the recovery time to the settling velocity in the bottom layer.
Model predictions and analysis
Next, we explore the properties of the proposed model to predict various phenomena observed in the literature and in our experiments. To keep the analysis tractable, it will be assumed that the kinematic viscosity is constant.
Penetration Froude number
Not the entire (F r 1 , ρ p /ρ 1 ) phase space is realisable due to the physical requirement that ρ p > ρ 2 > ρ 1 which is needed to ensure that the particle falls through the layer (it can be applied also for the light particles for which ρ p < ρ 1 < ρ 2 ). The limit at which the particle will not penetrate into layer 2 occurs when ρ p = ρ 2 . Substitution into the definition of F r 2 1 = V 2 1 /N 2 a 2 , using the settling velocity V 1 (3.9) and the definition of
Levitation Froude number
Even for a particle with F r 1 > F r 1;pen , the stratification force F S can cause the particle to stop in the density interface. This is the physical mechanism causing particle levitation, as described in Abaid & Adalsteinsson (2004) . In reality, the particle will only levitate temporarily until its wake detaches after which it can continue its journey.
However, this aspect of the physics is not represented in our model, and therefore the particle will not cross the interface. The limit case that can be used to infer the limit Froude number below which levitation may occur, F r 1;lev , is to assume that the particle comes to rest right at the end of the density interface, which suggests a force balance of the form
Elimination of ρ 2 can be achieved using the definition for N 2 . Using the definition F r 2 1 and the definition of the steady state velocity Eq. (3.9), we obtain an implicit equation for F r 1;lev :
Here we substituted (4.3) to eliminate -V c0 /-V p . Levitation may occur when F r 1;pen < F r 1 < F r 1;lev ; this will be denoted the levitation regime. Levitation is predicted for the entire parameter space (Re 1 , F r 1 , h/a, ρ p /ρ 1 ). This can be verified by requiring that F r 1;lev F r 1;pen . Using (4.7), (4.9), it follows that the criterion for the possibility of levitation is C d > 0 which is valid under all circumstances.
Predictions of V min and τ min
Here we will explore the dependence of V min and τ min on F r 1 and ρ p /ρ 1 . We note that the subscript might be misleading and remind the reader that in our experiments both values coincide with the crossing time and and the related velocity of the particle.
The dependence on F r 1 and ρ p /ρ 1 of the minimum velocity V min and time to minimum τ min for a particle at fixed Re 1 = 10 and h/a = 30 was calculated by running a series of simulations using Eqs. (4.5-4.6). The minimum velocity V min , scaled by the entrance velocity V 1 , is shown in figure 13(a) . The white area in this figure denotes the physically inaccessible area for which F r 1 < F r 1;pen . The grey area denotes the levitation regime for which F r 1;pen < F r 1 < F r 1;lev . The model is not suitable to operate in this regime. Close to the levitation Froude number F r 1;lev , the particles come to a practical stand-still. As F r 1 increases, V min /V 1 becomes larger until it approaches the limit value 1, in which the particle traverses the density interface undisturbed. This makes sense as F r 1 → ∞ implies that N 2 → 0, which in turn implies that the stratification strength reduces to zero. Figure 13 (b), which shows the minimum (crossing) time τ min , normalised by the undisturbed crossing time h/V 1 , shows similar trends. At large F r 1 , the crossing time is practically unity, which is consistent with the observation that V min /V 1 is close to unity.
When F r 1 is close to F r 1;lev , the residence time in the layer increases dramatically. Again, this is not surprising as this is where V min /V 1 1, implying significant decelerations in the interface layer and thus large residence times. This effect can be observed to become stronger as ρ p /ρ 1 becomes larger.
Discussion
In this section we will discuss the physical basis and the wider implications of our model. As mentioned previously, we do not expect this model to be valid for the entire parameter space F r 1 , Re 1 , h/a, ρ p /ρ 1 -the model was deliberately kept as simple as possible yet successfully predicts the behaviour of the particles discussed in this paper and data from SMF.
Representation of the stratification force as a drag coefficient
Although it is possible to express the stratification force in terms of a drag as is conventionally done, we do not believe this is very meaningful as outlined below. Indeed, one could combine the drag and stratification force terms
(5.
2)
The expression above might look attractive, but is slightly misleading as F S is not expected to scale as 1 2 ρ f A p V 2 as it is not related inertia-induced pressure losses (or viscous resistance). This is also brought out by the number of dimensionless groups the term depends on. Whereas F S = F S (Re 2 , F r 1 , t) only depends on two dimensionless quantities and time, we have that
where F r(t) = V (t)/(N a); this expression depends on four dimensionless groups. In our opinion, the only benefit of using C S is that it allows one to infer directly the importance of the stratification force relative to drag by consideration of the ratio C S /C D . If one were to focus on expressing F S in a dimensionless form, perhaps the most meaningful way is to relate it to the immersed particle weight
which depends on three dimensionless quantities as well as time.
Equivalent model in terms of the wake density
The stratification force F S , which we model using a volume -V c , should be interpreted strictly as a means to model F S . Indeed, we deliberately did not perform detailed visualisations of the caudal wake and no attempt was made to infer the wake volume from the images. Instead, we chose to simply look at the behaviour of F S and deduce from there the behaviour of the additional fluid volume. Consequently, it is impossible to say whether the reduction in F S is caused by actual changes in the previously observed caudal wake, its volume or its density, or both.
It is possible to develop an equivalent model in terms of a wake density ρ w (t) by defining an (equivalent) stratification force F Se as (5.5) In this description, the caudal volume -V c0 is assumed to remain constant as a function of time. Inside the density interface (0 < z p h), F S = F Se directly results in ρ w = ρ 1 , implying the particle advects in its wake a finite volume -V c0 of fluid with density ρ 1 , which does not mix with the environment. During the recovery phase z p > h, F S = F Se results in
which is more conveniently represented by the equivalent ordinary differential equation
Hence, an equivalent model in terms of the wake density is calculated from solving an extra ODE for the wake density ρ w (t) given by
( 5.8) with ρ w (0) = ρ 1 . Clearly, the equivalent model will not produce any new behaviour, and might be preferred only if we want specifically to measure the density in the wake and use it as a modelling parameter.
Concluding remarks
In this paper we extended the understanding of the problem first formulated and studied in Srdić-Mitrović et al. (1999, SMF) -the observed increase in particle settling times due to the additional force created by particles in variable density environments.
We demonstrated, through a set of experiments in which the particle Reynolds and Froude numbers were varied not only through size, but also through particle density, that the current model for the stratification force in the form of a drag-type relation is incomplete. We explained that the notion of a drag coefficient is not optimal as it depends on four dimensionless parameters as well as time, which makes it impossible to collapse the results on a single curve of the type C D (Re, F r). It was shown that for the current data as well as a subset of the SMF data, the existence of a minimum velocity is associated with the particle exiting the density interface, thus challenging the view that this minimum is associated with a rupturing of the wake.
The PTV data was used to calculate the stratification force F S , which was subsequently parameterised using a simple time-dependent effective volume -V c . The conceptual picture of the model is based on the classical idea of an effective volume of a fluid of different density which remains attached to the particle, and adds its buoyancy to the resisting forces. Due to this additional buoyancy-related force the particle slows down as it crosses the interface and also as leaves the interface layer and settles (or rises) in the second homogeneous density layer. The model is shown to predict the trajectories of not only all our particles, but also of digitised data from SMF, which is a demonstration of its predictive capabilities.
Analysis of the resulting model demonstrates that this problem depends on four dimensionless quantities, namely the entrance Froude number F r 1 , the entrance Reynolds number Re 1 , the density ratio ρ p /ρ 1 , and the relative density interface thickness h/a.
For fluids in which the viscosity is different between the layers, as was the case for our index-matched experiments, the problem additionally depends on the viscosity ratio ν 2 /ν 1 . Even though the model was not developed with particle levitation in mind, it does provide predictions for when this phenomenon might occur.
In the writing of this paper, we deliberately focused on modelling F S directly without relying on detailed flow visualisations to guide the modelling. The advantage of this approach is that it resulted in a model which is able to reproduce the observed phenomena with a minimum set of assumptions. The drawback is that it is impossible to pinpoint exactly what the mechanism is that is causing the stratification force. We envisage that the work presented here can serve as a springboard for further work. Indeed, further studies in which the mechanisms put forward in this work are refined are needed to provide a more complete picture of the behaviour of particles crossing density interfaces.
These studies might include detailed visual inspection of the particle wake to understand how it evolves and whether it detaches at any stage, and particles settling through to very thick density interfaces.
